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Introduction
The free-flight motion of a slowly spinning elastic missile has been studied by a number of authors (1) (2) (3) (4) (5) (6) . Although the theory of Murphy and Mermagen (6) is valid for large spin rates, no Magnus force is included in the aerodynamic force distribution. In this report, the force distribution is extended to include a Magnus force distribution function. The finite element method (FEM) (6) is then used to calculate the first five positive frequencies and the first three negative frequencies of the motion of a 10-cal. spinning cone cylinder. The elastic frequencies are shown to be strongly affected by the high rate of spin required to stabilize this projectile. For certain values of the elasticity, it is shown that spin resonance can occur with the lower elastic positive frequencies, and maximum strain can exceed the plastic limit.
Coordinate System
The elastic missile is assumed to consist of a very heavy elastic circular rod of fineness ratio, L, and mass, m, embedded in a very light symmetric aerodynamic structure that may be longer than the rod. The rod's axial moment of inertia is x I , and its transverse moment of inertia about its center is 0 t I . The rod's diameter can vary over its length, and its maximum diameter will be denoted by d. All distances will be expressed as multiples of the rod diameter, and its length is Ld. A nose windshield of length, 23 x d , may be attached to the forward end of the rod, and fins or a boat tail may extend beyond the end of the rod at a distance, 01 .
x d Thus, the rod is located between 1 = -2 x L and 2 = 2 x L , while the aerodynamic structure extends from 0
An earth-fixed coordinate system will be used with the X e -axis oriented along the initial direction of the missile's velocity vector. The Z e -axis is downward pointing and the Y e -axis determined by the right hand rule. A nonrotating coordinate system, XYZ is then defined with origin always at the center of the rod and the X-axis tangent there. The X-axis pitches through the angle,θ , and yaws through the angle, , ψ with respect to the X e -axis. Body-fixed coordinates, b b XY Z , are now defined for which the Y b -Z b axes rotate with the missile.
We will conceptually slice the missile into a large number of thin disks perpendicular to the X-axis with thickness, dx. When the rod flexes, the disks shift laterally perpendicular to the X-axis and cant to be perpendicular to the centerline of the disks. This canting action neglects the shear deformation of the rod, and this constraint is called the Bernoulli assumption (7) . The lateral displacement of a disk has body-fixed coordinates , , 
It is important to note that at the central disk
The earth-fixed coordinates of the central disk are ( , , e e e x y z ), and the earth-fixed coordinates of the other disks are computed in terms of the central disk earth-fixed coordinates, their body-fixed displacements, and the Euler angles , , 
Murphy and Mermagen (5, 6) used the nonspinning elastic coordinate system with XYZ axes.
( ) φ
. The lateral displacements of a disk in this elastic coordinate system are shown in figures 1 and 2 and can be computed from body-fixed quantities. ( )
and
In Murphy and Mermagen (5), the partial differential equation (PDE) for the missile's flexing motion is derived by use of Newtonian mechanics and the assumption that each disk can be assumed to be a point mass. Thus, the canting of the disks is neglected, and their axial and transverse moments of inertia are set equal to zero. The complete Lagrangian is obtained including the canting of the disks required by the Bernoulli assumption and is used to obtain a more accurate PDE in appendix A. For the small spin considered, this modification has a very small effect on the eigenfrequencies. For a spin-stabilized projectile, the required spin can be 30-100 times the aerodynamic frequencies and can have a large effect on the eigenfrequencies.
Aerodynamic Force
The e y and e z components of the central disk velocity can be approximated by linear relations in angles of pitch and yaw with respect to inertia axes ( ) 
Equations 8 and 9 can be written as a single complex equation: . This aerodynamic loading in nonrotating elastic coordinates is
The total aerodynamic force acting on the aerodynamic structure is given by the integrals of equations 13 and 14 and by adding the base drag of equation 15 to the axial force:
where various functions are defined in appendix B.
Similarly, the transverse aerodynamic moment about the rod's center can be computed from the transverse aerodynamic force and a small axial force contribution:
The primary components of drag are head drag and base pressure drag. The third component is skin friction drag that is ~15% of the total drag and will be neglected in this report to simplify the FEM calculations.
The actual angular motion will be described by aerodynamic moment about the center of mass. The static and Magnus moment coefficients, for example, are as follows:
where ( )
The center of mass of the projectile will be at the center of the rod if the axial mass density along the rod, 1 ρ , is constant.
Frequencies
For simplicity, the spin will be required to be always positive. The angular motion of a statically stable rigid missile ( 0 < α M C ) can be described by the sum of two complex exponentials:
where ( ) ( ) For a nonspinning statically stable missile,
where
The frequencies for a statically unstable missile with gyroscopic stability factor equal to 1 have a similar form.
The elastic motion of a homogeneous circular rod with constant diameter is determined by its fineness ratio L. and an elastic parameter 2 0 ω .
0 E is Young's modulus at the center of the rod and 0 I is the area moment of inertia at the center of the rod. The standard analysis for a nonspinning free-free beam gives the following relation for infinity of elastic frequencies: 
For the odd number modes, the rod is symmetric U-shaped, whereas for the even number modes, the rod is antisymmetric S-shaped.
In Murphy and Mermagen (6), the parameter 1 = R σ ω ω was used as a measure of the elasticity of a finned missile. We will continue to use this parameter to describe the elasticity of a spinstabilized projectile. For a slowing spinning finned projectile, it has been shown that the aerodynamic frequencies are affected by the elasticity when 20 < σ
. For a spin-stabilized projectile, the first elastic frequency should be compared with the spin and not the aerodynamic frequency. Thus, we will see that the elastic frequencies are affected by the spin when 200 < σ .
The frequencies present in the motion of a nonspinning elastic projectile would form an infinite sequence where the first two frequencies would be related to R 
The odd-numbered modes rotate in the direction of the spin, have positive frequencies, and are called positive modes, while the even-numbered modes have negative frequencies and are called negative modes. Since the modes for a spinning missile essentially bifurcate, j = 3 is a symmetric mode rotating in the direction of spin, j = 4 is a symmetric mode rotating in an opposite direction to the spin, j = 5 is an antisymmetric mode rotating in the direction of spin, j = 6 is an antisymmetric mode rotating against the direction of spin, etc.
FEM
The rod is assumed to be represented by the sum of an inelastic bent component rotating with the missile and an elastic deformation.
( ) ( ) ( )
and ( ) ( ) ( )
where ( ) ( )
Because the aerodynamic nose structure is rigidly attached to the rod,
The motion of the elastic component of the rod is controlled by the elasticity of the rod and the aerodynamic force acting on it.
FEM is a very powerful method for calculating the time history of the elastic flexing motion. The rod is divided into j n elements of length = .
e j L L n We will consider only an odd number of elements with the center of the central element satisfying equation 2.
The shape of the j-th element is given by a linear combination of third-order Hermitian polynomials (6).
The coefficients of the polynomials are complex functions of time and are called connectors. The first two connectors are the deflection and slope of the left end of the element and the third and fourth are the deflection and slope of the right end. To ensure continuity in deflection and slope at junction points, the corresponding pairs of connectors are equal. For j n elements, there are 2 j n independent complex connectors, n q . It is convenient to let the index for the connectors run from 3 to = 2 + 2 t j n n .
In Murphy and Mermagen (6), t n complex second-order differential equations are derived for the t n complex variables n q . T and mA t coefficients in appendix C.
Cone Cylinder Frequencies
Transient frequencies and damping rates for a 9-cal. cylindrical rod with a 1-cal. conical nose can be obtained from the homogeneous part of equations 41, ( 0 = m t ). The necessary parameters are given in appendix D. The first eight frequencies and damping rates for 20 = σ were obtained from 3-, 5-, and 7-element codes and are compared with results of the PDE method of Murphy and Mermagen (5) (table 1). The frequencies that differ from PDE results by >5% are marked by a "x." The 3-element code gives good results for the first four frequencies and the 5-element code is good for the sixth, seventh, and eighth frequencies. The fifth frequency, however, requires more than seven elements. In figure 3 , the rod shapes for the fifth mode are plotted for the FEM code and the PDE value. We see that the antisymmetric shape specified by the PDE value probably requires at least 13 segments to describe it. The two aerodynamic frequencies do not differ from their rigid values. The elastic frequencies, however, are quite different from nonspinning values of ± K ω . The first two positive frequencies are 150% and 130% greater than these values. Figure 4 shows the positive and negative first elastic frequencies divided by the zero-spin value given by equation 30. When the first elastic frequency is much greater than the spin ( 200 ≈ σ ), these ratios are near unity. Figure 5 shows similar results for positive and negative second elastic frequencies.
Bent Projectile Resonances
In Murphy and Mermagen (5, 6), a bent rod was described by a pair of quartic curves: 
Using 5 elements, the 12 n s 's can be computed for fixed values of spin and σ . The complex location of the forward end of the rod is specified by 11 s .
In figure 6 , the amplitude of the forced motion of the forward end of the rod is plotted vs. 
where the cubic terms 8 , , , and
For a cone cylinder, the linear roll moment coefficient has a very simple form,
Equations 39 and 44 for five elements can be integrated to show the occurrence of resonance with the positive first elastic frequency ( = 122.8 σ ). All initial conditions are made zero except for 0 = 7000 rad/s. φ Figures 7-9 show the time variation of spin, angle of attack magnitude, and rod forward tip motion magnitude,
Resonance is clearly shown at t = 0.25 s when spin is near 7000 rad/s. According to figure 9, the maximum amplitude of the forward rod motion is 30% of the rod diameter. Thus, the motion amplification due to spin going through resonance is less than half its resonance value. For rigid finned projectiles, relations between pitching motion amplitude due to spin varying through resonance and its resonance value are given in Murphy (8) . For the symmetric waveform of the first elastic mode for a nonspinning rod with no force loading, the maximum strain occurs at the midpoint.
( ) ( )
(46) Figure 10 shows the variation of maximum strain with time. For most metals, yield occurs for strain >0.0015. Thus, figure 10 shows yield at resonance. 
Summary
The previously derived FEM theory, which was applied to slowly spinning finned projectiles, has been extended to rapidly spinning spin-stabilized projectiles.
Positive and negative elastic frequencies for a spin-stabilized projectile have been calculated, and their magnitudes have been shown to be significantly different for < 200 σ .
Resonance with the first elastic mode has been demonstrated, and very small rigid asymmetries have been shown to cause yield at resonance. describes the variation of moments of inertia along rod. In the derivation of the partial differential equation (PDE) in Murphy and Mermagen, 1 the disks were assumed to be point masses, i.e., 0 a d = . In Murphy and Mermagen, 2 the kinetic energy associated with d a for a disk was shown to be dx T ad , where
where e 1 q i Q = .
According to Geradin and Rixen, 3 two terms in ad T appear in the PDE for a flexing projectile:
The contribution of d T to the improved PDE is obtained by multiplying the second term by i, adding it to the first term and differentiating the result with respect to x. The improved version of equation 52 in Murphy and Mermagen 1 is ,ˆ, ,
, .
The 
and ( )
For simplicity, the small Magnus contribution to the boundary conditions in this appendix have been neglected. Tilde superscript denotes elastic parameter for bent missile. 
